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Abstract. The article shows that to determine the torsional stiffness of the element, you must
first cut the reinforcement at the site of the inclined crack. After dissecting the reinforcement, the
mutual displacement of the crack edges should be determined. This problem is the main and most
difficult in the general problem of determining the torsional stiffness of elements with both normal and
inclined cracks.

The article is devoted to the solution of this most difficult part of the problem — the determination
of the mutual displacement of the banks of the inclined crack of the I-beam element. According to the
proposed method, the real element with an inclined crack is replaced by an element with different
stiffness in sections. Within an inclined crack, the element has a real slope equal to the slope of the
inclined crack. In the area behind the apex of the inclined crack, it is hypothesized that the cross-
sectional height of the element varies from a height equal to the height of the zone above the crack to
the full cross-sectional height. And change of height occurs according to the law of a straight line. This
line is inclined at some angle to the horizontal. It is shown that if we take the angle of inclination of
this line equal to 45 degrees, the results are quite accurate.

The equivalent section height is defined as the average value between the height above the
inclined crack and the total section height. The equivalent torsional stiffness of the element on the
section of the sloping line is taken equal to the stiffness of the element with a conditionally constant
stiffness at a constant height equal to the equivalent. It is also shown that the calculation according to
the proposed method differs from the calculation of an element with a normal crack only in that in the
left part in the case of an inclined crack there is a section with a real slope of the section. The rest of the
problem is identical. The comparison of calculations by the proposed method with the calculation data
in the Lear program using volumetric finite elements is given. The comparison showed a good match
of the data.

Introduction. Redistribution of efforts between individual elements of complex statically

indefinite systems depends on the ratio of their characteristics of rigidity [3, 5, 6, 8]. Flexural
stiffness of reinforced concrete elements, taking into account the formation of cracks, nonlinear
properties, have been studied quite widely. At the same time, much less attention has been paid to
the issues of changing the torsional stiffness of cracked reinforced concrete elements. As a result, in
the norms of Ukraine and many countries of the world, there are practically no methods for
determining the stiffness and deformability of reinforced concrete elements with cracks.
It has long been believed that longitudinal reinforcement does not affect the torsional strength of a
reinforced concrete element. A limited number of works have been devoted to the calculation of the
stiffness and torsional strength of reinforced concrete elements with normal cracks. These are some
works where elements of rectangular, box-shaped and hollow triangular sections were considered.
However, a large class of reinforced concrete elements have a cross-section in the form of an I-
beam, which leaves a significant imprint on their stress-strain state during torsion.

Research analysis and problem statement. In reinforced concrete elements, bending and
torsional stiffnesses are significantly affected by various cracks. A fairly large number of works [1, 12]
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are devoted to the issues of changing bending stiffnesses. Considerably fewer works are devoted to the
issues of determining the displacements during torsion of reinforced concrete elements [9-11]. In these
and other works, the presence of spatial spiral cracks is assumed. However, such techniques are not
suitable for calculating torsional displacements of elements with normal and oblique cracks that are
formed from bending moments. At the same time, there is a large class of structures exposed to both
bending and torsion moments, in the elements of which only normal and oblique cracks are formed.
These are ribs of ribbed prefabricated and monolithic floors, crossbars, etc. [3]. The works [1, 2, 14]
are devoted to the problem of determining the torsional stiffness of reinforced concrete elements with
normal cracks. In these works, it is shown that such a problem should be divided into three stages: at
the first stage, the longitudinal reinforcement is conventionally cut and the mutual displacement of the
edges of a normal crack is determined; at the second stage, the thrust forces in the longitudinal
reinforcement are determined; the third stage is the determination of the torsional stiffness of the
element with known thrust forces. The main and most difficult task is the first stage. This is since the
use of the formulas of the elasticity theory to determine displacements in this case is not possible since
the torque is transmitted through a part of the section of the element. There are no works to determine
the torsional stiffness of reinforced concrete beams with inclined cracks.

In the connection with the above, this article aims to develop a methodology for calculating
displacements during torsion of an I-beam element with an inclined crack.

The object of research is the work during torsion of reinforced concrete 1-beam elements
with inclined cracks.

Research methods — methods of structural mechanics (when developing a method for
determining the displacement of the sides of a normal crack); a computer
program Excel using Visual Basic for analyzing the stress-strain state of the elements under
consideration according to the developed method; numerical studies using the Lira program — to
compare data with the results of calculations according to the developed method.

Research results. As mentioned above, the main and most difficult in the general problem of
determining the stiffness of a reinforced concrete element with a normal or inclined crack is to
determine the mutual displacement of the crack edges with already conditionally dissected longitudinal
reinforcement. Consider an element of arbitrary section with an oblique crack, the right end of which is
sealed, and a torque is applied to the left end (Fig. 1). The main task in this case is to determine the
mutual displacement of points 4 and 5 in the crack under the action of the torque M.
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Fig. 1. Diagram of an element with an inclined crack (a) and its representation in the form
of a stepwise change in stiffness (b)
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The torque from block A to block B is transmitted through a part of the section of height Xcc.
This is the main difficulty in determining the displacements in the element subject to torsion. The
methods of the elasticity theory for determining displacements in a swirling element assume that the
torque is transmitted by tangential forces distributed over the entire end section [4]. In the case of a
normal or oblique crack (Fig. 1), this moment is transmitted by tangential forces distributed only on
a part of the end section of block B [1, 2].

The twist angle in the section 3-5 can be easily determined by the known methods of
resistance of materials [13] as an element with a variable section height. The definition of the twist
angle in section 1-3 in the case of an oblique crack does not differ at all from its determination in
the case of a normal crack. In connection with the above, following [2], where it was shown that in
the case of a normal crack, the element to the right of the crack can be calculated as a conditional
element with a section, the height of which changes along a certain curve, we imagine that in our
case the element height changes according to the law of a straight line lines from small value X to
full height h. This line in Fig. 1 is shown by dashed lines with an angle of inclination to the
horizontal a. Typical areas in Fig. 1 are designated by numbers 1 ... 5.

On a section I35 long, the element has a real slope of the lower face. On a section I, long, the
element has a conditional slope from the height X to the height h.

The desired angle of rotation between points 4 and 5 will be determined from the model:

Pyp5=Pr5 = Pryg. (1)
In turn, the angle of rotation ;.4 will be equal to the sum of the angles of rotation:
Pa=P ot ((02—3 ROy ) (2)

Approximate equality in brackets of the model (2) is obvious from Fig. 1, a. It was also verified
by calculations in Lira program using volumetric finite elements. Indeed, points 3 and 4 are the points
of the unloaded end of the element, twisted by the tangential forces applied to the upper part of its
section with the height Xcc.

On an inclined section 3-5, the angle of rotation will be determined using the known approach of
resistance of materials [13] as for an element with a variable section height. Let's call this angle @sz.sand
consider it known. The angle of rotation between points 1 and 2 ¢;-, is also easily determined by the
well-known formula for the strength of materials [13]:

Ml ,
GJ tot

here Gyt — torsional stiffness of the full section (element with full height h).

Point 1 in Fig. 1 is randomly selected.

To determine the angle of rotation on a section with a length of l,.3, we assume that this
section can be replaced by an element of a conditionally constant section with a height hexy = (Xere +
h)/2. Then the element diagram with an inclined crack according to Fig. 1, a will be replaced by a
scheme with a stepwise change in stiffness shown in Fig. 1, b. The angle of rotation in a section of
length 12-3 will also be determined from the known expression for the resistance of materials:

M.l
Py 3 = 63 23, (4)
ekv

here GJew, — equivalent stiffness of a member of a conditionally constant section height he,.

The length I35 is, in fact, the projection of the inclined crack onto the longitudinal axis of the
element, which is determined by well-known techniques [7, 12].

The length ;.3 is easily determined from geometric constructions with the known value of X
and the angle of inclination a.

It should be noted that if the value of the equivalent height hey, is such that hegw> h-hs (Where
hs, is the thickness of the upper flange of the I-beam), then the moment of inertia Je in expression
(4) will already be determined as for an I-beam with a lower flange, the thickness of which is equal
to h-hey. I the height hey IS such that hey<h-hs, then the moment of inertia Je, in expression (4)
will be determined as the moment of inertia of the T-element.

(3)

P o =
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Calculations using the above method show that the angle o of the slope of the line of change
in the design height of the section to the horizontal should be taken equal to 45 degrees. Refinement
of this angle or acceptance of a line not in the form of a straight line, but the form of a certain curve,
is the subject of further research. Here we only note the fact that the length of the 1,3 section will be
within the Saint-Venant’s length. Indeed, according to the Saint-Venant’s principle, the uniform
distribution of tangential stresses (transmitted in Fig. 1 from left to right) will be at a distance from
the place of application of tangential forces (in our case, on a section of height X at point 3) equal
to the larger size of the cross section [2].

To check the calculation method, a rectangular beam with an inclined crack was modeled in the
Lira program. The beam section width is 100 mm, its height is 200 mm. Other dimensions are shown
in Fig. 2, a. In addition, this beam was calculated as a bar with a variable cross-section (Fig, 2, b)
according to the method proposed above. The deformation modulus in both cases is taken as
E= 25000 MPa.

The angle of rotation at the level of point a was compared with respect to the embedment (point
O in Fig. 2). This angle in the model from volumetric finite elements was calculated by the formula:

X, + X
Goa =0 (5)

Here xp, Xa — horizontal displacement, respectively, points a and b. The angle of rotation of the
rod scheme was determined by the well-known formula for the strength of materials. The difference in
the angles of rotation for the rod scheme and the scheme of volumetric finite elements was 2.4%,
which indicates a sufficiently high calculation accuracy according to the proposed engineering method.
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Fig. 2. Scheme for comparing the results:
a — element with an oblique crack, modeled in the Lyra software by volumetric finite elements;
b — the same element, represented by rods with a step change in the section height

It should be noted that the calculation according to the proposed method differs from the
calculation of an element with a normal crack only in that, in the case of an inclined crack, there is a
section on the left side with a real inclination of the section (Fig. 1 and 2). The rest of the task is
identical. Using this technique, for the case of a normal crack, a comparison was made with
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calculations in the Lira program using volumetric finite elements. Table 1 below shows the data for
such a comparison. An I-beam with a full section height h = 220 mm was considered. The width by
of the upper flange and its thickness hfl were varied; width and thickness of the bottom flange bx,
and hg,; height hs and thickness t of the wall. In addition, the crack height he and the distance
between the cracks lcc were varied. Angle o in the design scheme according to Fig. 1 was taken
equal to 45 ° (the angle was taken for a line outgoing from the top of a normal crack). The table
shows the displacements from mutual rotation between the points of two adjacent normal cracks,
calculated using the proposed method and in the Lira program using volumetric finite elements.

Table 1- Comparison of displacements determined by the developed technique and by the Lira
program using volumetric finite elements

bfl hfl bf2 hf2 t h3 hcrc Icrc Ateor A Lira Error

Lo oo e[| ]| m| | e[| 5%
1 1030|003 0.09 | 005|003 | 015 |0.110 | 0.30 | 80.65 | 87.81 | 8.15
2 1030 | 003|009 | 005]| 003 | 015 |[0.123 | 0.30 | 84.37 | 91.80 | 8.09
31030 | 003|009 | 005]| 003 | 015 | 0.174 | 0.30 | 102.37 | 106.64 | 4.00
4 1030 | 003|009 | 005] 003|015 |0.142 | 0.30 | 90.48 | 97.69 | 7.38
51030 | 003|009 | 0.05| 003 | 0.15 | 0.045 | 0.30 | 65.72 | 70.00 | 6.1
6 | 030 | 0.03 | 0.09 | 0.05 | 0.03 | 0.15 | 0.058 | 0.30 | 68.22 | 74.73 | 8.72
7 1020 ] 003|009 | 005 003 | 015 | 0.110 | 0.30 | 105.88 | 111.22 | 4.80
8 | 020 | 0.03 | 0.09 | 0.05 | 0.03 | 0.15 | 0.123 | 0.30 | 112.09|117.69 | 4.76

9 {020 | 003 | 0.09 | 0.05 | 0.03 | 0.15 | 0.174 | 0.30 | 143.00 | 143.56 0.39
10 | 0.20 | 0.08 | 0.09 | 0.05 | 0.03 | 0.15 | 0.142 | 0.30 | 122.42 | 127.58 4.04
11| 020 | 0.03 | 0.09 | 0.05 | 0.03 | 0.15 | 0.045| 0.30 | 81.56 | 83.78 2.66
121 0.20 | 0.03 | 0.09 | 0.05 | 0.03 | 0.15 | 0.058 | 0.30 | 85.55 | 90.55 5.52
131 030 | 0.04 | 0.09 | 0.05 | 0.03 | 0.14 | 0.110 | 0.30 | 43.92 | 49.02 10.41
141 0.30 | 0.04 | 0.09 | 0.05 | 0.03 | 0.14 | 0.123 | 0.30 | 45.08 | 50.28 10.35
151 030 | 0.04 | 0.09 | 0.05 | 0.03 | 0.14 | 0.174 | 0.30 | 50.48 | 54.21 6.88
16 | 0.30 | 0.04 | 0.09 | 0.05 | 0.03 | 0.14 | 0.142 | 0.30 | 46.99 | 52.01 9.66
171 030 | 0.04 | 0.09 | 0.05 | 0.03 | 0.14 | 0.045| 0.30 | 39.12 | 43.53 10.14
18| 0.30 | 0.04 | 0.09 | 0.05 | 0.03 | 0.14 | 0.058 | 0.30 | 39.95 | 45.31 11.84

Average value % | 6.9
coefficient of variation % | 0.45

These table data indicate the sufficient accuracy of the proposed engineering method. It should
be noted that when performing calculations according to the proposed method, the torsional stiffness of
the T-shaped elements was determined as the sum of the stiffness of the rectangles that make up the T-
shaped. If the stiffness of the brands is determined by the exact method [4], then the coincidence of the
results with the data calculated by the Lira program will be even greater.

Conclusions and prospects of research. A method for determining the mutual displacement of
the banks of an inclined crack of an I-beam element is proposed. It is proposed to replace a real
element with an inclined crack with an element with a step change in height and consideration in
sections of equivalent rigidity. The line for changing the conditional height of the section from the top
of the inclined crack is inclined at an angle to the horizontal, which is taken equal to 45°. The
calculation technique allows determining the displacements in the crack without the use of
cumbersome calculations. At the same time, it has sufficient accuracy for engineering calculations.

In the future, it is assumed to vary the angles of inclination to the horizontal of the line of change
of the conditional height of the section, as well as the replacement of the straight line with a curve to
refine the calculation results.
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AHoTanis. J[1s BU3Hau€HHS >KOPCTKOCTI HA €JIEMEHTI CIIiJ] CTI0YaTKy po3pi3aTu apMaTypy B
Micul moxusoi TpimuHU. Ilicast po3pizy apmaTypu ciii BU3HAUMTHU B3a€MHE 3MIILEHHSI OeperiB
TpimuHU. lle 3aBnaHHS € OCHOBHOIO 1 HAWMCKJIQQHIIIOW B 3arajlbHOMY 3aBJaHHI BU3HAYCHHS
’KOPCTKOCTI Ha €JIEMEHTI K 3 HOPMAJIbHUMH, TaK 1 3 OXWIUMH TPIIIUHAMHU.

CrarTs mpuCBsMEHa BUPINIEHHIO 3aBJaHHS — BU3HAYEHHS B3a€EMHOTO MEpeMIllleHHs OeperiB
MOXWIOl TPIIMHM eJIeMEeHTa JBOTaBPOBOTO Iepepi3y. 3rifHO 13 3alpOIOHOBAHOI METOAUKOIO
pealbHUI eNleMEHT 3 TOXWJIOK TPIIIMHOK 3aMiHEHUH EeJIEMEHTOM 3 PI3HUMH TBEPIOCTSAMHU II0
JIsiHKaX. B Mekax moxmioi TpIMHH €JIeMEHT Mae pealbHUM Haxwil, PIBHUHA HaXWiIy MOXMIOL
TpimuHU. Ha minsHIi 3a BEepIIMHOIO MOXWJIOl TPIIIMHMA TPUHHATA TIMOTE3a, MO0 BUCOTa TEpepizy
eIIeMEHTa 3MIHIOETBCS BIJ BHCOTH, IO JIOPIBHIOE BHCOTI 30HM HaJ TPIIIUHOIO, IO TIOBHOI BHUCOTH
niepepizy. [Ipu oMy 3mMiHa BHCOTH BiIOYBAa€ThCS 3a 3aKOHOM mpsiMoi JiiHil. Lls miHis HaxwiaeHa i
JeKUM KyTOM JI0 TOPU30HTAJI1.

[Toka3zaHo, IO AKIIO NPUHHATH KYT HaXWJy wLi€i JiHii piBHUM 45 rpagyciB, TO pe3yabTaTu
BUXOJATH JOCUTh TOYHMMHU. EKBiBaJIeHTHa BHUCOTA Mepepizy BU3HAUEHA K CEPEHE 3HAUEHHS MK
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BHCOTOI0 HaJl MOXWJIOI TPIIIMHOI 1 TMOBHOIO BHUCOTOIO Iepepidy. EkBiBalieHTHa KpyTWibHa
KOPCTKICTh €JIeMEHTa Ha IUISHII MOXMJIOI JiHII MpUHMAeThCs PIBHOIO JKOPCTKOCTI €JIeMEHTa 3
YMOBHO ITOCTIHHOO dOPCTKICTIO IPY MOCTIHIN BUCOTI, piBHIN €KBIBaJICHTHIH.

[TokazaHo TakoX, IIO PO3PaxyHOK 3a 3alPOMIOHOBAHOK METOJHMKOIO BiJPI3HSAETHCS BiJ
pO3paxyHKy €JIeMEeHTa 3 HOPMAJIBHOI TPIIUHOIO TUIBKH THM, IO B JIIBIA YacCTHHI B pa3i MOXMUIIOI
TPILIMHY € IUISTHKA 3 peajJbHUM HaxXWJIOM Iepepisy. IHia yactuna 3aBganHs ineHTnyHa. HaBeneno
MOPIBHSHHS PO3PaXyHKIB 32 3aIIPOMIOHOBAHOI0 METOAMKOIO 3 TAaHUMH PO3paxyHKy B mporpami Jlipa
13 3acTocyBaHHAM 00'€eMHHUX KiHLIEBUX elieMeHTIB. [IopiBHSHHS TOKa3ajo XOpOUHid 30ir JaHuX.
3anpornoHoBaHa METOIMKA PO3PaXyHKY J03BOJISIE BUSHAYUTH MEPEMILIICHHS B MOXUIIiH TpimmHi 6e3
BUKOPHCTAHHS MTPOTPaMHHUX KOMIUIEKCIB i3 3aCTOCYBAaHHAM 00'€eMHUX KIHLEBHX €JIEMEHTIB. bynyun
a0COIFOTHO POCTOI0, METO/IMKA MA€ JOCTATHIO JJIS IHKEHEPHHUX PO3paxyHKiB TOUHICTb.

KniouoBi cioBa: kpydeHHS, MOXWIa TpIlIMHA, KPYTHJIbHA >KOPCTKICTh, TMEPEMIIIECHHS B
TpilIMHI, TBOTaBPOBUI mepepi3, npuHiun Cen-Benana.
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AHHOTanus. J{151 onpenenenys KeCTKOCTH Ha JJIEMEHTE CIIEAYEeT CHa4aja pa3pes3arb apMaTypy
B MECT€ HAKJIOHHOW TpewmuHsl. [locie pazpe3a apMaTyphbl ciieqyeT ONpeAeanTh B3aUMHOE CMEILECHUE
OeperoB TpelMHbL. JTa 3ajaya SBJSIETCS OCHOBHOW W CaMOW CIIOKHOM B o0OLIeM 3ajaHuu
OIIPENIEJIEHNS] ’KECTKOCTU Ha AIIEMEHTE KaK ¢ HOPMAIbHBIMH, TaK ¥ C HAKJIOHHBIMU TPEILMHAMH.

Cratphsl TOCBAIIEHA PELICHUIO 33/1a4d — OIPEIENICHHE B3aHMMHOTO IepeMellieHHus Oepero
HAaKJIOHHOM TPELMHbl JIEMEHTa JBYTaBpoBOro cedeHus. COMNIaCHO MPEIJIOKEHHON METOJUKe
PEAJIBHBIN JIEMEHT C HAKJIOHHOW TPEIIMHON 3aMEHEH JIEMEHTOM C Pa3jIU4YHBbIMH KECTKOCTAMHU IO
ydJacTKaM. B mpenenax HAaKJIOHHOW TpEIIMHBI JEMEHT MMEET pPEaJIbHBbIl YKJIIOH, PABHBIM YKIIOHY
HaKJIOHHOM TpemuHbl. Ha ydacTke 3a BEpHIMHON HAKJIOHHOW TPEUIVHBI NPHUHSATA TMIIOTE3a, YTO
BBICOTA CEYCHUS DIIEMEHTA MEHSETCS OT BBICOTHI, PABHOM BBICOTE 30HBI HAJl TPELIUHOM, 10 IMOJTHOU
BBICOTHI ceueHus. [IpuueM u3MeHeHue BbICOThI IPOUCXOAMT 10 3aKOHY MPSAMOM JIMHUU. DTa JIMHUS
HAaKJIOHEHA I10J1 HEKOTOPBIM YIJIOM K TOPHU30HTAIIN.

Iloka3aHo, 4TO €ciM NMPHUHATH YroJI YKJIOHA TOM JIMHUM PaBHBIM 45 IpalyCcoB, TO PE3YIbTATHI
MIOJIy4alOTCs JOCTaTOYHO TOYHBIMU. OKBUBAJIEHTHAs BBICOTA CEYEHUS ONPEAEICHAa KaK CpelHee
3HA4YEHUE MEXy BBICOTOM HaJl HAKJIOHHOW TPEIIMHOW M IOJIHOW BBICOTOM CEYEHMs. DKBUBAJICHTHAsI
KpYTHJIbHAs JKECTKOCTh JIEMEHTA HA Y4AaCTKE HAKJIOHHOM JIMHUM ITPUHUMAETCS PABHOM KECTKOCTU
2JIEMEHTA YCJIIOBHO ITOCTOSIHHOW KECTKOCTH MPH MOCTOSHHOM BBICOTE, PABHOW YKBUBAJICHTHOM.

IlokazaHo TakXke, YTO pacyeT MO NPEIIOKEHHOM METOIMKE OTIIMYAETCS OT PacyeTra JJIEMEHTa ¢
HOPMAaJIbHOM TPELIMHON TOJIBKO TEM, YTO B JIEBOM YaCTH B ClIydae HAKJIOHHOW TPEILMHBI €CTh Y4aCTOK
C peaJIbHBIM HAKJIOHOM cedyeHus. Jlpyras 4acTh 3aJa4d UACHTUYHA. [IpuBENeHO CpaBHEHUE pacueTOB
M0 TIPe/UIOKEHHONW METO/MKE ¢ JaHHBIMH pacueTa B mporpamme Jlupa ¢ mpumeHeHHeM 00bEeMHBIX
KOHEYHBIX 3J1eMeHTOB. CpaBHEHHME II0Ka3aJ0 XOpOlIee COBMAJCHUE MAaHHBIX. lIpemioxkeHHas
METOJIMKA pacueTa MO3BOJISIET ONPEIEIUTh IEPEMELICHNUS B HAKIIOHHOM TpeluHe 03 UCIOIb30BaHUs
MPOTrPaMMHBIX KOMIUIEKCOB C MPUMEHEHHEM OOBbEMHBIX KOHEUHBIX 3JIeMEHTOB. bymyun aGcomoTHO
IIPOCTON, METOAMKA UMEET JTOCTATOUHYIO JIJIsl HHKEHEPHBIX PACYETOB TOYHOCTD.

KuroueBble cjI0Ba: KpydyeHUE, HAKIOHHAS TPEILIMHA, KPYTUIIbHAsS JKECTKOCTh, IIEPEMEILIEHNE
B TpELUHE, IByTaBpoBoe ceueHue, npuHuun Cen-Benana.
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